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We use a version of a two-sector model to provide a strong form of a “folk-theorem” on the existence of a
threshold discount factor such that: (i) for discount factors above this threshold value, optimal behavior is
qualitatively similar to that in the corresponding undiscounted optimization problem, (ii) for discount
factors below this threshold value, optimal behavior is qualitatively different from that in the
undiscounted case. In the process, we provide an explicit solution of a non-linear optimal policy function
for all discount factors above the threshold value. Our bifurcation analysis is conducted by using the
dynamic programming approach, and we exploit the convex structure of our model to develop a variation
of the standard method in dynamic programming used to identify the optimal policy correspondence.

Keywords: Dynamic programming; Value function; Optimal policy correspondence; Bifurcation
analysis; Threshold discount factor

JEL Classification: C61; D90; O41

1. Introduction

It is a “folk theorem” of the literature on optimal economic growth that there is a threshold
discount factor such that the stability properties of optimal programs are qualitatively the same
as those obtained for the undiscounted case for all discount factors above that threshold, and
that the qualitative behavior changes for all discount factors below that threshold||. In this
paper, we provide a particularly strong version of this result in the context of the two-sector
version of the Robinson—Solow—Srinivasan model, referred to henceforth as the RSS model#.

Specifically we show that there is a threshold discount factor p* = (1/&), (where ¢
represents, in the context of the model, the rate of transformation between machines today

*Corresponding author. Email: tm19@cornell.edu

FThis essay is dedicated to Kazuo Nishimura, dear friend and admired colleague, on the occasion of his sixtieth
birthday. We are grateful to the Center for Analytic Economics at Cornell University and to the Center for a Livable
Future at Johns Hopkins University for research support. We thank a referee for useful comments on an earlier
version of this paper.
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|| This is admittedly a rather loose statement, but that is the nature of “folk theorems”. For more precise versions,
see especially Refs. [3,7,14].

#See Refs. [12,15,17]. A continuous-time version of the general RSS model, under discounting, was analyzed
by Stiglitz [18]. An analysis of the discrete-time version of the general RSS model, when future utilities are not
discounted, is contained in Ref. [4].
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and machines tomorrow, while maintaining full-employment of both labor and capital), such
that (i) for all discount factors p € (p*, 1), the optimal policy correspondence is the same as
the optimal policy function for the corresponding undiscounted optimization problemf; and
(ii) for all discount factors p € (0, p*), the optimal policy correspondence is not the same as
the optimal policy function for the corresponding undiscounted optimization problem:.
Thus, p " is a bifurcation value of the discount factor, marking a qualitative change in optimal
behavior as one crosses this threshold.

The explicit solution of an optimal policy function allows one to study optimal transition
dynamics, as well as optimal long-run behavior. Ours is one of the few examples of an explicit
solution of the optimal policy correspondence as a non-linear optimal policy function, arising
from a dynamic optimization problem in economicsY. As in the undiscounted case, two
features of the transition dynamics (for p € (p*, 1)) are worth noting. First, starting from
initial stocks below the modified golden-rule, optimality always requires an over-building
phase, leading to stocks above the modified golden-rule stock, even when the long-run
behavior warrants a convergence to the modified golden-rule stock. Second, even when it is
feasible to fully utilize the available capital stock, it is not always optimal to do so, making it
possible to observe excess-capacity and production of machines in the same time period.

Our earlier analysis of the corresponding undiscounted optimization model was
accomplished by a synthesis of the dynamic programming and the value-loss approaches to
characterizing optimality. In contrast, in this paper, we rely exclusively on the dynamic
programming approach. In this regard, it is worthwhile to make two brief comments of a
technical nature. First, exploiting the convex structure of our model, we use a variation of the
standard method in dynamic programming to solve for the value function and the optimal
policy correspondence, and this requires us to specify a “candidate” value function and a
“candidate” policy correspondence on a relatively “small” subset of the state space. This
method might be useful in the application of the dynamic programming approach in other
contexts, since convex structures are often an integral part of many dynamic models in
economics. Second, the key to our bifurcation analysis is the study of a quadratic inequality,
and the bifurcation value of the discount factor is seen to emerge naturally as the smaller root
associated with the corresponding quadratic equation.

2. Preliminaries

2.1 The two-sector version of the RSS model

A single consumption good is produced by infinitely divisible labor and machines with
the further Leontief specification that a unit of labor and a unit of a machine produce a unit of
the consumption good. In the investment-goods sector, only labor is required to produce

TSee Ref. [5] for the complete analysis of the corresponding undiscounted optimization problem in the two-sector
RSS model, and an explicit solution of the optimal policy function in that case.

#In particular, the first part of this statement implies that we obtain an explicit solution for the optimal policy
correspondence when p € (p*, 1). For the second part of this statement, it is not important to actually obtain an
explicit solution of the optimal policy correspondence for p € (0, p*) and we do not. See, however, our concluding
remarks in the final section of the paper for some hints about what it might look like.

9 The best known instance of an explicit solution of a non-linear optimal policy function is the Weitzman example,
reported in Ref. [13], and discussed extensively in Refs. [1,7,9].
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machines, with a > 0 units of labor producing a single machine. Machines depreciate at the
rate 0 < d < 1. A constant amount of labor, normalized to unity, is available in each time
period t € N, where N is the set of non-negative integers. Thus, in the canonical formulation
surveyed in Ref. [8], the collection of production plans (x,x’), the amount x' of machines in
the next period (tomorrow) from the amount x available in the current period (today), is given
by the transition possibility set:

Q={(xX)eR:¥—(1—-dx=0, and a@x'—(1—dx) =1}

where z = (X — (1 — d)x) is the number of machines that are produced, and z = 0 and
az = 1 respectively formalize constraints on reversiblity of investment and the use of
labor. Associated with () is the transition correspondence, I': Ry — R, given by
I'x) = {¥ € Ry : (x,x) € Q}. For any (x,x') € (), one can consider the amount y of the
machines available for the production of the consumption good, leading to a correspondence
A Q— R, with

Ax,)={yERL:0=y=x and y=1—al — 1 —dx))}

Welfare is derived only from the consumption good and is represented by a linear function,
normalized so that y units of the consumption good yields a welfare level y.A reduced form
utility function, u: Q— R, with u(x,x) = max{y € A(x,x’)} indicates the maximum
welfare level that can be obtained today, if one starts with x of machines today, and ends up
with X’ of machines tomorrow, where (x,x') € (). Intertemporal preferences are represented
by the present value of the stream of welfare levels, using a discount factor p € (0, 1).

An economy E consists of a triple (a,d,p), and the following concepts apply to it.
A program from x, is a sequence {x(¢),y(t)} such that x(0) =x,, and for all r €
N, (x(1), x(t + 1)) € Q and y(r) = max A((x(z), x(t + 1)). A program {x(t),y(t)} is simply a
program from x(0), and associated with it is a gross investment sequence {z(t + 1)}, defined
by z(t + 1) = (x(r + 1) — (1 — d)x(¢)) for all r € N. It is easy to check that every program
{x(®),y(#)} is bounded by max{x(0),1/ad} = M(x(0)), and in particular every program
{x(0),y(#)} from x € Z = [0, (1/ad)] is bounded by (1/ad).

For every program {x(#),y(f)}, we have Z;iop’u(x(t),x(t + 1)) < oo. A program
{x(?),¥(t)} from x, is called optimal if:

> P U0, 31+ 1) = Y p'ulx(e), 31+ 1)
=0 =0

for every program {x(¢),y(¢)} from x,. A program {x(¢),y()} is called stationary if for all
t € N, we have (x(1), y(r)) = (x(¢t + 1), (¢t + 1)). A stationary optimal program is a program
that is stationary and optimal; in this case, the stationary level of x(¢) is called a stationary
optimal stock.

The parameter, £ = (1/a) — (1 — d), which figures prominently in our analysis, represents
the rate of transformation between machines today and machines tomorrow, while
maintaining full-employment of both labor and capital. Without further explicit mention, ¢
will be assumed to be positive in what follows.
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2.2 The modified golden rule

A modified golden rule is a pair (X, p) € IREr such that (%, %) € ) and:
u@, %) + (p— Dpx = u(x,xX) + p(px’ — x) forall (x,x) € Q. (1)

Given a modified golden-rule (%, p) € Ri, we know that X is a stationary optimal stock (see,
for example, [8]).

Our first proposition establishes the existence of a modified golden-rule. A distinctive
feature of the RSS model with discounting is that we can describe the modified golden-rule
stock explicitly in terms of the parameters of the model.

PROPOSITION 1. There is (X,p) € Ri such that (x,X) € £, where X is independent of p,
and:

u@, %) + (p— Dpx = ulx,x") + plpx’ —x) forall (x,x") € L. (D

Proof. We define:
¥=1/1+ad), and p=1/1+ pé

where £ = (1/a) — (1 — d). Clearly, (&,p) € Ri and (&,%) € Q, X € A(X,X). Further, X is
independent of p. We will show that (%, p) is a modified golden-rule of the economy (€, u, p).

Let (x,x) € Q, and let y € A(x,x'). Define B(x,x',y) = [1 — axX + (1 — d)ax] — y, and
a(x,x',y) = x — y. Note that:

y=[1 —ax"+ (1 — d)ax] )

so that B(x,x’,y) = 0, and y < x, so that a(x,x’,y) = 0.
Define x” = x/, such that:

y=[1—ax"+ 1 — d)ax] 3)

Then (x,x") € Q, and y € A(x, x"). This allows us to deal with a full-employment point, and
permits us to use the equality in equation (3) rather than the inequality in equation (2). Then,
we can compute:

v+ ppx" — px=1[1 —ax" + (1 — d)ax] + ppx" — px
=1+ (pp — ax" +[(1 — d)a — plx )
Using the fact that y = x — a(x, X', y), we have:
[1—ax" 4+ (1 —dax] = x — a(x,x’)y)
and this can be rewritten conveniently as:

=1/a)+[(1 = d) = (1/@)lx + [ax, ¥, y) /al = (1/a) = & + [ax, ¥, y)/al (5
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We can now use equation (5) in equation (4) to get:

y+ppx" = px =14 (pp — a)x" +[(1 — d)a — plx
=14 (pp —a)1/a)+[—(pp — a)é+ (1 — d)a — plx+ (pp — a)|alx,x,y)/a]
=(pp/a)+[—(pp — a)é+ (1 — d)a — plx+ (pp — a)lelx, X, y)/a] (6)

Now, by definition of p, we have:
[—(pp — @)é+ (1 —d)a — pl = —(p§+ Dp + (1 — d)a + abé&
=—1+{0—-da—-[(1—-d)—(I/a)la=0 @)
So, using equation (7) in equation (6), we obtain:
Y+ ppx" = px = (pp/a) + (pp — @)a(x, X', y)/a] ®)

Finally, note that by definition of B(x,x',y), we have B(x,x,y) = a(x" — x/), so that
X' =x' 4 [B(x,x',y)/al, and using this in equation (8), we get:

y + pﬁX/ _[A)x = (Pﬁ/a) - (Cl - pﬁ)[a(xax/ay)/a] - pﬁ[B(anj7y)/a] (9)

For (x,x') = (%,%) and y = § = %, it is easy to check that a(x,x’,y) = 0 and B(x,x’,y) = 0,
so that:

Y+ ppx — px = (pp/a) (10)
Combining equation (9) and (10), and noting that a > pp, we get:
y+ ppx' — px = § + ppx — px (11)

which establishes equation (1). O

2.3 The dynamic programming approach

In this subsection, we describe the dynamic programming approach to characterizing
optimality§. Underlying the approach are (a) a value function, and (b) a policy correspondence.
Connecting these two objects of interest is the functional equation of dynamic programming.

Using standard methods, one can establish that there exists an optimal program from every
x € X = [0, 00). Thus, we can define a value function, V : X — R by:

V@ =) _p'ux(n,x(t + 1)) (12)
=0

where {X(7), 7(¢)} is an optimal program from x. Then, it is straightforward to check that V is
concave, non-decreasing and continuous on X. Further, it can be verified that V is, in fact,
increasing on X.

It can be shown that for each x € X, the Bellman equation:

Vi) = max {u(x, K) + pV()} (13)

§Our exposition is deliberately brief. For a comprehensive account of the dynamic programming approach to
optimal growth models, see Ref. [6].
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holds. For each x € X, we denote by h(x) the set of X' € I'(x) which maximize {u(x,x) +
dV(x')} among all ¥ € I'(x). That is, for each x € X,

ho) = arg | max {u(x. ) + pV () (14)

Then, a program {x(#), y(t)} from x € X is an optimal program from x if and only if it satisfies
the equation: V(x(t)) = u(x(¢),x(t + 1)) + 6V(x(t + 1)) for t = 0; that is, if and only if
x(t 4+ 1) € h(x(¢)) for t = 0. We call & the (optimal) policy correspondence.

It is easy to verify, using p € (0, 1), that the function V, defined by equation (12), is the
unique continuous function on Z = [0, (1/ad)] which satisfies the functional equation of
dynamic programming, given by equation (13).

The connection between the value function in the dynamic programming approach and the
modified golden-rule may be noted as follows.

Proposition 1 shows that:

&, p) = (1/(1 +ad), 1/(1 + pd)) s)

is a modified golden-rule of the economy (£}, u, p). A standard argument can now be used to
show that X is a stationary optimal stock of the economy (€2, u, p). Consequently, we have:

V&) =3/(1 = p) (16)
It is easy to verify that:
Vx) —px = V(&) — px forallx =0 (17)
Choosing x = X + & (with € > 0) in (16), and letting € — 0, we obtain:
V&) =p (18)
Using equation (18) and (1), we have:

VL@ =p=1/(1+pd < (a/p) 19)

3. Basic properties of the optimal policy correspondence

In this section, we describe basic properties of the optimal policy correspondence, with
minimal restrictions on the parameters of our model. These preliminary properties will help
us to establish the principal bifurcation result in the next section.

To this end, we describe three regions of the state space:

A=[0,%], B=(,k), C= [k, ) (20)
where k = %/(1 — d). In addition, we define a function, g : X — X, by:

(1 —d)x forx € C
g(x) = X forx € B Q21
(1/a) — & forx €A

We refer to g as the “pan map”, in view of the fact that its graph resembles a pan.
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We further subdivide the region B into two regions as follows:
D= (x,1), E=[1,k) (22)
and define a correspondence, G : X — X, by:
{(1 — d)x} forx € C
[(1 = d)x, x] forx € E
[(1/a) — éx,%] forx € D
{(1/a) — &} forx €A

G(x) = (23)

The main result of this section can be summarized in the following proposition.

PROPOSITION 2. The optimal policy correspondence, h, satisfies:

{gx)} forallx e AUC
h) < { G(x) forallx €EB

The proposition is established in the following subsections by proving three lemmas,
dealing with the behavior of the policy correspondence in the regions C, A and B (in that
order).

3.1 The policy function for high initial stocks

We first examine the policy function for high values of the initial stock (region C). Denoting
(as in Section 3) the policy correspondence by A, we now claim that for all x € C, itis given
precisely by g.

LeEmMmA 1. The optimal policy correspondence, h, satisfies:

h(x) = {gx)} for x€ C (24)

Proof. Let x € C, and suppose contrary to equation (24), we have z € h(x), such that
z # g(x). Since the irreversible investment constraint implies that z = (1 — d)x, there is
& > 0 such that z = g(x) 4+ e. Then, we have the following:

V(x) = ulx, g(x) + &) + pV(gl) + &),  V(x) = ulx,g()) + pV(gx) (25)
This yields:

u(x, g(x)) — u(x, g(x) + &) = p[V(g(x) + &) — V(g)] = pV/, (g(x))e
(26)
= pV, (Mg = [p/(1 + pd)le

the first inequality following from equation (25), the second from concavity of V, the third
from concavity of V and the fact that g(x) = x (from equation (21)), and the last from
equation (19). Now, note that: [p/(1+ pd] = [1/(1+ &l =a/(1+ad)<a, so that
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we have:
u(x, g(x)) — u(x, g(x) + &) < ae 27

by using equation (26).
On the other hand:

ulx,gx) +e)=1-algl)+e -1 —-dx]=1-ae

and:
u(x,g(x)) =min{x, 1} =1
so that:
u(x, g(x)) — u(x, g(x) +€) = ae
which contradicts equation (27) and establishes the lemma. O

3.2 The policy function for low initial stocks

We next examine the policy correspondence for low values of the initial stock (region A), and
establish that for all x € A, it is also given precisely by g.

LeEmMMA 2. The optimal policy correspondence, h, satisfies:

h(x) = {gx)} forallx € A (28)

Proof. Suppose, contrary to equation (28), there is x € [0,X], and z € h(x), such that
7 # g(x). We consider two cases: (i) z < g(x), (ii) z > g(x).

Case (i). : Suppose z < g(x). Note that u(x,z) = x. Thus, by the optimality principle, we
have:

V) = u(x,2) + pV(2) < x + pV(g(x)) 29
the inequality following from the fact that V is increasing. But, using equation (21), we have:
I —algx)— (1 —dx]=1—-[1—a&l+a(l —d)x=x (30)
so that:
u(x,g(x)) = minfx, 1 —afg(x) — (1 —dx]} =x (€19}
by using equation (30). Thus, we must have:
V(x) = ulx, g(x) + pV(g(x) = x + pV(g(x))

which contradicts equation (29).

Case. (ii): Suppose z > g(x). Let e = z — g(x), so that € > 0. Note that:

ux,z) =1—alz— 1 —dx]=x—ase (32)
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the equality in equation (32) following from equation (21), as in equation (30) above. Using
the optimality principle,

V(x) = u(x,z) + pV(2) = x — ae + p[V(z) — V(g(x)] + pV(g(x))
=x—ae+pV' (g)e + pV(gx)) = x — as + pV',R)e + pV(g(x))
=x—ae+[p/(1 + pdle + pV(gx) < x+ pV(g(x)) (33)

the first inequality following from equation (29), the second inequality following from concavity
of V, the third inequality following from concavity of V and the fact that g(x) = X by equation
(21), the fourth and fifth inequalities following from equation (19). But, since (x, g(x)) € ) and
u(x,g(x)) = x (as in equation (31) above) we must have V(x) = x4 pV(g(x)), which
contradicts equation (33), proving the lemma. (]

3.3 The policy correspondence for the middle section

We now turn to the “middle section” (B). In this subsection, we demonstrate the basic
property that the optimal policy correspondence for this region is included in the
correspondence G, leaving a more precise specification to the next section.

LeMMA 3. The optimal policy correspondence, h, satisfies:

h(x) C G(x) forallx € B (34)

Proof. Consider, first, the initial stocks in the range E = [1, k). We claim that:
h(x) C G(x) forx € E (35)

Suppose, contrary to equation (35), there is x € E, and z € h(x), such that z does not
belong to G(x). Since investment is irreversible, z = (1 — d)x. Thus, by equation (23), we
must have z > X; denote (z — X) by &, so that € > 0.

Note that 1 — a[x — (1 — d)x] = 1 = x, so that:

ux,x) =1 —alx — (1 — d)x]
Also, we have:
wx,z) =1 —alz— (1 — dx] = u(x,X) — ae (36)
Using the optimality principle, we have:

V(x) = u(x,z2) + pV(2) = u(x, %) — as + pV(2)

37
=ux,X) —ac+p[V() — VE)]+pVRH) = pV’+()Ac)8 —as+ V(x) < V(x) 7

the first inequality in equation (37) following from equation (36), the second from concavity
of V and the optimality principle, and the last from equation (19). The contradiction in
equation (37) establishes our claim.

Consider next initial stocks in the range D = (x, 1). We claim now that:

h(x) C G(x) for x € D (38)
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Suppose, contrary to (38), that there is x € D, and z € h(x), such that z does not belong to
G(x). Denote [(1/a) — &] by H(x). There are two cases to consider: (i) z < H(x), (ii)
z> H(x).

Case (i). : Suppose z < H(x). Note that u(x,z) = x. Thus, by the optimality principle, we
have:

V(x) = u(x,z2) + pV(z) < x+ pV(H(x)) (39)

the inequality following from the fact that V is increasing. But, by definition of H:
1—alHx)— (1 —dx]=1—-[1—-a&]+a(l —d)x=x
so that:
u(x, H(x)) = min{x, 1 —a[H(x) — (1 —d)x]} =x
and we must have:
V(x) = u(x, Hx)) + pV(H(x)) = x 4+ pV(H(x))

which contradicts equation (39).

Case (ii). : Suppose z > H(x). Since z is not in G(x), we must have z > X. Let e = 7 — X, s0
that € > 0. Note that:

l—ali—A—-dx]=1-al(l/a) — &]+a(l —d)x=x
so that:
w(x,x) =min{l —a[x — (1 —d)x],x} =1 —a[x — (1 — d)x] (40)
Also,
ux,z) =1 —alz— 1 — dx] = u(x,x) — ae “41)
the equality in equation (41) following from equation (39). Using the optimality principle,

V(x) = u(x,z2) + pV(2) = u(x,x) —as + p[V(z) — V()] + pV(R) )

= V) —ae+ pV’Jr()Ac)s < V(x)
the first inequality in equation (42) following from equation (41), the second from concavity
of V and the optimality principle, and the last from equation (19). The contradiction in
equation (42) establishes our claim equation (38) and hence the lemma. ]

3.4 A characterization of the pan policy map

Given Proposition 2, it is clear that the optimal policy correspondence is fully determined,
except for the middle section, B. If the modified golden-rule stock % belongs to A(x) for some
Xx € B, then it does so for every x € B: this is the basic content of the characterization result
which we now state and prove.
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LeMMA 4. The map g satisfies:
g(x) € h(x) forevery x € B

if and only if there is some X € B such that g(x) € h(X).

Proof. The “only if” part of the statement being obvious, we proceed to establish the “if”
part. So, assume that there is some ¥ € B such that X € A(X).
Now let x be an arbitrary point in B’ = [&, k]. Then, 2 = (1 — d)k = (1 — d)x, and:

alf — (1 —dix]=alx — (1 —d)x] = adx < 1
so that (x,%) € ). Define y =1 — a[x — (1 — d)x]. Then, we have:
x(l—al—d)]=3x1—-al-d)]=1—alx— 1 —-dx]—all —d)i=1-ax
so that y = x. Thus, y € A(x, X), and we have:
Vy=zy+pV@E) =1—alx — (1 — dx] + pV(X)
=1l—-af—A—-d3il+all —d)x — %)+ pVE) = V&) +a(l —d)x —%) (43)
Applying equation (43) to x = X, and noting that X € h(x), we have:

V@ = V&) +a(l — d)(X — %) (44)

Similarly, applying equation (43) to x = k, and noting (from Lemma 2) that x € h(k), we
have:

V(k) = V&) +a(l —d)(k — X) (45)

Since X € B, there is A € (0, 1), such that x = Ax + (1 — A)k. Using this in equation (44)
and (45), we get:

VAZ 4+ (1 — M)k) = AV(E) + (1 — )V(k)

Since Vis concave on B, this implies (see Ref. [11], exercise A(3)) that V is affine on B' and
using equation (45):

V(x) = [V®) — a(l — d)i] + a(l — d)x forallx € B'

In view of equation (43) then, we must have V(x) =y + pV(X) for every x € B, so that
X € h(x) for every x € B. O

4. The bifurcation result

In this section, we state and prove the principal bifurcation result of this paper. We show that
when p& > 1, then g(x) € h(x) for every x € X, so the “pan policy” is optimal. And, when
p& < 1, then for every x € B, we have g(x) & h(x). Thus, there is a qualitative change in
behavior of optimal programs when the unit value of p¢ is crossed, making pé=1 a
bifurcation point.
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THEOREM 1

() If p&é > 1, the optimal policy correspondence, h, satisfies:
g(x) € h(x) forallx € X
(i) If p&€ < 1, the optimal policy correspondence, h, satisfies:

g(x) & h(x) forallx € X

Our bifurcation analysis of optimal behavior with respect to changes in the discount factor
may be seen as a continuation of the line of research reported in Refs. [2,9,10]. However, the
fact that we present an explicit solution of the optimal policy correspondence (for pé > 1)
makes our result sharper, albeit in the context of a more specific two-sector model||.

We will prove this result in the following subsections. It turns out that the proof of both
parts of the result depend crucially on a quadratic inequality. We establish this technical
result before turning to the proof of the theorem.

4.1 On a quadratic inequality

In the analysis of the next two subsections, we will need to compare two magnitudes, (a/p)
and [1 — p&(1 — aé)]. The connection between the two magnitudes leads to the study of a
quadratic inequality, and the bifurcation value (of the theorem above) then emerges from the
smaller root of the associated quadratic equation.

LeEMMA 5. The inequality:
(a/p) =1— p&l — ad) (46)

holds for p € (0, 1) if and only if:

Proof. We can write equation (46) as:
p’él —ad) —p+a=0

In order to study this inequality, let us define, for p € R,

Flp)=p*&l —ad) —p+a 47

[|On the other hand, explicit solutions of non-linear optimal policy functions (such as the tent map) have been
obtained, given a discount factor, by choosing the transition possibility set and the utility function appropriately
(dependent on the given discount factor). Such constructs, though useful in understanding other issues, are ill-suited
to conducting bifurcation analysis with respect to the discount factor, given the transition possibility set and the
utility function. For a full discussion of this point, and for the relevant literature, the reader is referred to Mitra and
Nishimura [9].
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Consider the equation: F(p) = 0. This has two roots; call them p; and p,. One root is clearly
p1 = (1/£), as one can check by substituting this value in equation (47). Also, since:

pip = a/&1 — a§)
and (1 — aé) = a(1 — d), the other root is:
pr=a/(l —ad) =a/la(l =) =1/(1 —d) > 1

Clearly, F(p) = 0 holds if and only if p € [py, p2]. Since p € (0, 1), equation (46) can hold if
and only if p = p; = (1/§). This establishes the result. O

4.2 The non-optimality of the pan policy

We start by establishing the second part of Theorem 1, since it involves a direct application of
the dynamic programming approach, after obtaining a restriction on the slope of the value
function at the modified-golden rule stock.

LEMMA 6. Suppose x € h(x) for some x € (X, k). Then, we must have:

VL(%) = (a/p) (48)

Proof. Let x € (%, k) be given such that X € h(x) Then, there is € > 0, such that for all
zEI=X— e,X+¢), we have (x,27) € Q and {1 — a[z — (1 — d)x]} < x, so that:
u(x,z) =1—alz — (1 — d)x]
Define F(x) = {z: (x,z) € }, and for z € F(x), define:
W(z) = u(x,z) + pV(2)
For z € I, we have:
W@ =1—az+a(l —d)x+ pV(2)

Since X € I, we obtain:
W_ (%) = —a+pV_ (%) (49)

For z € I, with z < X, we must have:
W(2) = u(x,2) + pV(z) = V(x) = W(X)

the second equality following from the fact that X € h(x). Thus, we have the first-order
necessary condition: W’_(%) = 0. Using this in equation (49), we get equation (48).
PROPOSITION 3.  Suppose the parameters of the model satisfy the condition:

pE<1 (50)
Then, for every x € (X, k), we have:

X €& h(x)

Proof. Suppose, contrary to the Proposition, there is some x € B such that X € h(x). Pick
z < X such that h(z) € B; certainly for all z < X, with z close to X, this is true by continuity of
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the policy function on [0, X]. By the optimality principle, we obtain:
V() = V(@) = (& — 2) + plV(h(2)) — V(h(2))] (51

Also, we have:
VGE/( —d) = VE) _

X/ —d)]—%

a(l —d) (52)
So, we can write:

V(h(z)) — V(h(%))

V(h() = V(h($) = { h(z) = h(®)

}[h(z) ~ h(®)]
_ {V(h(z)) - V®)

e }[f(x —2)] (53)

_ {voc/a —d) -V
[/ —-d]—%
the inequality in equation (53) following from the concavity of V, and the last equality
following from equation (52). Using equation (53) in equation (51), we obtain:
V() = V(@) =& —2) = plV(h(z)) = V(h(X)] = (& — 2) — péa(l — d)(x — 2)

}[f(fc — ] =a(l — &R — 2)]

and:

{V()?) — V@

X—z

} =1 = pta(l — d (54)

By Lemma 6, we have:

V_(&) = (a/p) (55)

Combining equation (54) and (55), and the concavity of V, we obtain:

V(&) — V(z
/) =V (&) = {M} = 1 - pa(l - d) (56)
xX—z
Noting that a(1 — d) = (1 — a&), we obtain:

(a/p) = 1 - p&1 — af) (57)
Using Lemma 5, equation (57) can hold only for p = (1/€). This contradicts condition
equation (50), and establishes the result. O

4.3 The optimality of the pan policy

We now turn to the first part of the result, stated in Theorem 1. A standard method of proving
optimality of a policy is to propose a “candidate” value function and verify that it satisfies the
functional equation of dynamic programming. By the uniqueness of the solution to the
functional equation, this identifies the candidate value function as the actual value function,
and therefore, identifies the associated candidate policy correspondence as the actual policy
correspondence#.

#For applications of this standard method in solving for value functions, see Ref. [16], and the references cited
there.



Discounted optimal growth in the two-sector RSS model 165

Our approach is a variation on the above method. Note that the above method does not rely
on any convex structures. However, our model has a convex structure and this leads to the
simplification that it is enough to propose a “candidate” value function on a relatively
“small” subset of the entire state space. We feel that this technique might be of wider use than
in the specific context of our two-sector model.

Pick 0 < K <% such that g(K) <k =23%/(1 —d). Define Y =I[K,k], B=I[% k],
Y' = [K, %), and define a function W : Y — R by:

W@ =1/(1 - p)
Wx)=WR)+a(l —d)(x — %) forx EY,x > & (58)
Wx)=WE&) —[1 — paé(l —d)]x —x) forxe Y, x <X

and a function f : ¥ — R by:

(59)

fx) =21 forx € B
f(x)=gkx) forxeY }

Finally, denote the restriction of the transition correspondence I" to Y by A:

Ax)=Tx) NY forallx €Y

LeMMmA 7. If p& > 1, then the function W : Y — R, defined by equation (58), satisfies the
following functional equation of dynamic programming:

W) = ﬂnelgé){u(LX)-i-pW(X' )} (60)
forallx €Y, and:
f(x) = arg max {u(x,x) + pW(x')} (61)
X EA(x)

forallx €Y.
Proof. We consider two cases: (i) x € B, (ii) x € Y/, and analyze each in turn.
Case (i). In this case, (x,%) € () and it can be checked that y =1 — a[x — (I — d)x] is in
A(x, ), so that u(x,%) =1 — a[x — (1 — d)x]. Thus, we have:
ux, ) + pWiEx) =1—alx — (1 —d)x] + pWR) =a(l —d)(x — X) + X+ pW(QX)
=a(l —d)(x—3)+WQ&) = W)
For (x,x) € Q with ¥ € Y and X' > %, we have:
u@,X) + pWx)=1—alx¥ — (1 — d)x] + pW()
=1—alx— A —dx]+ai—x)+p[WE) +a(l —d)¥ — 3)]

=Wk) +al —3)[p(l —d)— 1] < W(x)
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For (x,x') € Q with ' € ¥ and x' < %, we have:
(e, x') + pWx') = 1 — alx’ — (1 — d)x] + pW(x')
=1—alx— (1 - dx]+a@—xHp[WR) — (1 — pa&l — d)(& — x)] (62)
=W+ @& —la — p(1 — pa&(l — d))]

Since 1 — paé(l —d)=1— p&1 —aé), we can use Lemma 5 to conclude that
[a — p(1 — pa&(1l — d))] < 0, since p& > 1. Thus, the expression on the last line of equation
(62) is less than W(x), and so u(x, x') + pW(x') < W(x). This completes our verification that
equation (60) and (61) hold for every x € B.

Case (ii). In this case, (x,g(x)) € Q, and y = [1 — a(g(x) — (1 — d)x)] is in A(x, g(x)), so
that u(x, g(x)) =y = [1 — a(g(x) — (1 — d)x)]. Thus, we have:

u(x,8(x)) +pW(g) =[1 —a(glx) — (1 —d)x)]+ pW(gx)) =[1 —alx — (1 — d)3)]
+aG— 1 —d)X) —algx) — (1 —d)x)+ p[WE) +a(l — d)(gx) — )]
=W®+ai— 1 —d)x) —ag) — (1 —d)x)+ pa(l — d)(g(x) — %)
=WQ&E) —[1 - pag(l —d)]E —x) = W(x)

For (x,x) € Q with x’ € Y and x’ > g(x), then:

ue,x)+ pWE') =[1 —akx’ — (1 — d)x)] + pW(x")
=[1 —a(g(x) — (1 = d)x)] +a(g(x) — x)
+pIWE) +a(l — d)x' = D] =[1 — alg(x) — (1 — dx)] + a(glx) — x")
+ plW (&) +a(l — d)(gx) — )] + pa(l — d)(x" — g(x))
= W) +a(x' — g)lp(l —d) — 11 < W(x)

For (x,x)€ Q with x’ €Y and x' <g(x), then u(x,x')=x=u(x,g(x)) and
W(x') < W(g(x)), so that:

u(x, x') + pW(x') < u(x, gx) + pW(g(x)) = W(x)
This completes our verification that equation (60) and (61) hold for every x € Y'. U

We can now use Lemma 7 to establish the optimality of the pan policy when p& > 1, and
we state this result separately as a proposition.

PROPOSITION 4. Suppose the parameters of the model satisfy the condition:
pé>1 (63)

Then, for every x € (X, k), we have:
X € h(x)

Proof. Suppose, on the contrary, that there is some x, € (X, k) such that X & h(x,). Consider
an optimal program (x(¢),y(r)) from x,, and define a sequence (x(¢)) by x(0) = x,, and
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x(t + 1) = x for t = 0. Then, (x(¢),x(t + 1)) € Q for t = 0, and defining y(¢) = A(x(¢), x(¢ +
1)) for r = 0, we know that (x(z), y(r)) is a program from x,. Since X & h(x,), we must have:

> pluar), x(t + 1) < 3 pu((), 5t + 1) (64)
=0 =0

For A € (0, 1), define X(r) = Ax(¢) + (1 — AM)x(¢) and 3(¢) = Ay(¢) + (1 — A)3(¢) for t = 0,
then, by convexity of ), (X(¢), y(¢)) is a program from x,, and:

D p'ule(®),x(t + 1)) < Y p'uE(),X(t + 1)) (65)
=0 =0
By choosing A sufficiently close to 1, one can ensure that X(t) € Y = [K, k] for all = 0,
since x(t) = X fort = 1,x(r) € Z = [0, 1/ad] for t = 1, and % is in the interior of Y. But, then,
we can apply Lemma 7 to the program (%(¢), ¥(¢)) (for such A), to obtain:

WE(1) = u(x(t),x(t + 1)) + pW(E(t + 1)) fort =0
so that:
W(xo) = > plu(E(), Xt + 1)) (66)
=0

Since x(t + 1) = f(x(¢)) for t = 0, we can also use Lemma 7 to obtain:
W(x(®) = u(x(t),x(t + 1)) + pW(x(t + 1)) fort =0
so that:

Wx,) =D plux(®),x(t + 1)) (67)

=0
Clearly, equation (66) and (67) together contradict equation (65), establishing the
proposition. g

Remarks.

(1) Itisclear from Lemma 7 that the conclusion in Proposition 4 and in part (i) of Theorem
1 can be strengthened to read X = h(x) for all x € (X, k), when p& > 1; that is, the pan
policy, defined by g, is the optimal policy function when pé > 1.

(i) The pan policy function, g, defined in equation (21), is precisely the optimal policy
function in the RSS model obtained in the undiscounted case [5]), when & > 1. Thus,
Proposition 4 establishes that for £ > 1, the qualitative properties of optimal programs
are the same in the discounted case, for all discount factors (1/&) < p < 1, as in the
undiscounted case. In particular, any optimal program {x(¢), y(¢)} must satisfy a (straight
down the) turnpike property: x(¢) = X for all 7, after at most a finite number of periods.

5. Concluding remarks

The bifurcation result of Theorem 1 naturally raises two related questions. First, what kind of
optimal behavior would one observe at the bifurcation value of the discount factor p* =
(1/8€? Second, what is the optimal policy correspondence when p < (1/£)?
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It is possible that at this threshhold discount factor the optimal policy correspondence is
given precisely by G, described in equation (23). And, then, for p < (1/£), the graph of the
optimal policy correspondence is the lower boundary of the graph of G, which can be
referred to as the “check” policy function. In this case, the analogy is complete with the
undiscounted case: the bifurcation takes exactly this form, as demonstrated in Ref. [5].

However, a more intricate picture is also possible, in which at the bifurcation value of the
discount factor, and indeed for some values of the discount factor lower than this value, only
a subset of the transitions (in the middle section), described by the correspondence G, are
optimal, and there is a cascade of bifurcation values of the discount factor before one reaches
the discount factor at which the “check” policy function is optimal.

Clearly, answering the two questions requires a complete bifurcation analysis of our model
with respect to the discount factor. This goes well beyond the modest, but essential, first step
undertaken in the current paper, and we hope to report our complete results along these lines
in the not too distant future.

References

[1] Benhabib, J. and Nishimura, K., 1985, Competitive equilibrium cycles. Journal of Economic Theory, 35,
284-306.

[2] Boldrin, M. and Deneckere, R., 1990, Sources of complex dynamics in two-sector growth models. Journal of
Economic Dynamics and Control, 14, 627—-653.

[3] Khan, M.A., 2005, Intertemporal ethics, modern capital theory and the economics of sustainable forest
management. In: S. Kant and R.A. Berry (Eds.) Economics, Sustainability, and Natural Resources: Economics
of Sustainable Forest Management (New York: Springer), pp. 39-66.

[4] Khan, M.A. and Mitra, T., 2005, On choice of technique in the Robinson—Solow—Srinivasan model.
International Journal of Economic Theory, 1, 83—110.

[5] Khan, M.A. and Mitra, T., 2006, Undiscounted optimal growth in the two-sector Robinson—Solow—Srinivasan
model: a synthesis of the value-loss approach and dynamic programming. Economic Theory, 29, 341-362.

[6] Le Van, C. and Dana, R.A., 2003, Dynamic Programming in Economics (Dordrecht: Kluwer Academic
Publishers).

[7] McKenzie, L.W., 1983, Turnpike theory discounted utility and the von Neumann facet. Journal of Economic
Theory, 30, 330-352.

[8] McKenzie, L.W., 1986, Optimal economic growth, turnpike theorems and comparative dynamics. In: K.J.
Arrow and M. Intrilligator (Eds.) Handbook of Mathematical Economics (New York: North-Holland), Vol. 3,
pp. 1281-1355.

[9] Mitra, T. and Nishimura, K., 2001, Discounting and long-run behavior: global bifurcation analysis of a family
of dynamical systems. Journal of Economic Theory, 96(2001), 256—293.

[10] Nishimura, K. and Yano, M., 1995, Non-linearity and business cycles in a two-sector equilibrium model: an
example with Cobb-Douglas production functions. In: T. Maruyama and W. Takahashi (Eds.) Nonlinear and
Convex Analysis in Economic Theory (Berlin: Springer-Verlag).

[11] Roberts, A.W. and Varberg, D.E., 1973, Convex Functions (New York: Academic Press).

[12] Robinson, J., 1960, Exercises in Economic Analysis (London: MacMillan).

[13] Samuelson, P.A., 1973, Optimality of profit-including prices under ideal planning. Proceedings of the National
Academy of Sciences, 70, 2109-2111.

[14] Scheinkman, J.A., 1976, On optimal steady states of n-sector growth models when utility is discounted. Journal
of Economic Theory, 12, 11-20.

[15] Solow, R.M., 1962, Substitution and fixed proportions in the theory of capital. Review of Economic Studies, 29,
207-218.

[16] Sorger, G., 1992, Minimum Impatience Theorems for Recursive Economic Models (Berlin: Springer-Verlag).

[18] Srinivasan, T.N., 1962, Investment criteria and choice of techniques of production. Yale Economic Essays, 1,
58-115.

[18] Stiglitz, J.E., 1968, A note on technical choice under full employment in a socialist economy. Economic
Journal, 78, 603—-609.



